Introduction
This paper continues the investigation begun in [22] of automorphisms of the algebra of truth values of type-2 fuzzy sets. Several signi cant problems left unresolved are settled, the most basic being that the automorphism group of the algebra of fuzzy truth values is isomorphic in a natural way to the product of two copies of the automorphism group of the unit interval. This theorem has several corollaries concerning characteristic subalgebras. The study of subalgebras of the algebra of truth values of type-2 fuzzy sets is relevant because each subalgebra is the basis of a fuzzy theory, where a fuzzy set in this theory is a mapping of a universal set into this subalgebra. The subalgebras considered are typically characteristic. That is, automorphisms of the algebra of truth values induce automorphisms of these subalgebras. Characteristic subalgebras are of special interest because they are \canonical". If an algebra is characteristic, then there is no subalgebra isomorphic to it sitting in the containing algebra in the same way. They are quite special as subalgebras. In some cases automorphisms of the subalgebras are precisely those induced by the containing algebra of all truth values. This situation is investigated for several subalgebras.
Some important subalgebras of the algebra of truth values of type-2 fuzzy sets may be viewed much more simply than as such subalgebras. Speci cally, the basic operations of the algebra of truth values are convolutions of functions, and some subalgebras may be viewed as algebras with much simpler operations, both conceptually and computationally. This is true, for example, for the subalgebra of closed intervals, as pointed out in [21] . Another such subalgebra is the subalgebra of points: the subalgebra of functions whose support is a single point. This subalgebra generalizes in a particular way the truth value algebra of type 1 fuzzy sets and seems a reasonable candidate for applications. Also the basic operations are particularly simple, avoiding complicated computations with convolutions. This algebra will be the subject of a future paper.
Other subalgebras of interest besides those studied in [21] and [22] are the subalgebra of functions with nite support, and the subalgebra of nite sets. Both should be of interest to practitioners. These algebras will also be the subject of future papers.
We begin with a review of relevant de nitions and results from [21] and [22] . 
The algebra of fuzzy truth values
The algebra M = ( [0; 1] [0;1] ; t; u; ; 0; 1) is the basic algebra of truth values for type-2 fuzzy sets, and is analogous to the algebra ([0; 1]; _;^; 0 ; 0; 1), which is basic for type-1 or ordinary fuzzy set theory. The operations t; u; ; 0; and 1 are convolutions of _;^; 0 ; 0; and 1, respectively, with respect the operations _ and^. That 0and 1 are convolutions of 0 and 1 with respect to _ and^is a bit technical, and we forego the details.
A fuzzy subset of type-2 of a set S is a mapping f : ] , and operations on the set F 2 (S) of all such fuzzy subsets are given pointwise from the operations in M. Thus we have the algebra F 2 (S) = (M ap(S; [0; 1]
[0;1] ); t; u; ; 0; 1) of fuzzy subsets of type-2 of the set S. The same equations hold in F 2 (S) as in M, so as far as algebraic properties go, we may as well limit ourselves to the algebra of truth values.
Determining the properties of the algebra M is a bit tedious, but is helped by introducing the following auxiliary operations.
De nition 2 For f 2 M, let f L and f R be the elements of M de ned by
Note that f L is monotone increasing and that f R is monotone decreasing. The point of this de nition is that the operations t and u in M can be expressed in terms of the pointwise max and min of functions, as follows.
Theorem 3
The following hold for all f; g 2 M.
R^gR Using these auxiliary operations, it is fairly routine to verify the following properties of the algebra M. The details may be found in [21] .
It is not known whether or not every equation satis ed by M is a consequence of these. As far as we know, the variety generated by M has not been studied.
In [21] , we studied the algebra M and some of its subalgebras. In our study of automorphisms, we will limit ourselves initially to the algebra M = ( [0; 1]
[0;1] ; t; u; 0; 1), that is, the algebra M without its negation . This allows more automorphisms, avoids certain technicalities, and it turns out that our results can be specialized to M. One should note that in our development, the issue of whether or not * is a part of the structure of M does not arise. We will elaborate on this at the appropriate juncture. 2. The elements of E that are non-zero at only nitely many places are called nite sets. The nite sets form a subalgebra denoted F.
3. For .one-element sets fag, fag will be denoted by 1 a . These elements of M are called singletons. The singletons form a subalgebra of M denoted S. These are the one-element sets of E. The set of points is a subalgebra of M, and is denoted P.
The set of normal functions forms a subalgebra of M denoted by N.
The set of convex functions forms a subalgebra of M, denoted C.
8. L is the subalgebra of convex normal functions. This subalgebra is a distributive lattice under the operations t and u.
9. D denotes the set of characteristic functions of closed intervals. It is a subalgebra of M.
These subalgebras are related as follows, where the slanted lines indicate containment. Eventually these and other subalgebras will be shown to be characteristic
What follows are results from [22] on automorphisms of M. A principal tool in the study of automorphism of algebras is the determination of irreducible elements of that algebra
An element is irreducible if it is both meet and join irreducible. The point is that join irreducible elements, meet irreducible elements, and irreducible elements of an algebra are taken to themselves by automorphisms of that algebra. A principal e ort in [22] was in determining irreducible elements.
One of the main goals in [22] was to show that various subalgebras of M were characteristic, in particular the subalgebras S and D. These subalgebras are copies of the truth value algebra of type-1 fuzzy sets and of interval-valued fuzzy sets, respectively, and their being characteristic shows that not only is M a generalization of type-1 and interval-valued truth value algebras, it contain copies of these algebras in a very special way, namely as characteristic subalgebras. Intuitively, no other copies of these algebras are sitting in M in the same way.
Following are the principal results from [22] about automorphisms of M.
1. For an automorphism of ([0; 1]; _;^; 0; 1), L and R de ned by L (f ) = f and R (f ) = f are automorphisms of M. The automorphism L xes singletons and R xes constants.
2. For ; automorphisms of ([0; 1]; _;^; 0; 1), the following hold. 5. Every automorphism of M xes both 1 0 _ 1 1 and 0.
6. Every automorphism of M xes 1.
8. Every automorphism of M induces an automorphism of ([0; 1]; _;^; 0; 1) by its action on singletons. That is, S is a characteristic subalgebra of M. Item 6 is fundamental, and in [22] a rather complicated proof was given. Following is a much simpler proof.
Using the normality of ' (1), and the fact that N is a characteristic subalgebra, we know that ('(1)) R (0) = 1. Then,
Thus '(1) is 1 at 0. Similarly, '(1) is 1 at 1. Since C is a characteristic subalgebra, '(1) is convex, so it is identically 1.
Automorphisms of M
By items 8 and 9 above, an automorphism ' of M induces two automorphisms of ([0; 1]; _;^; 0; 1).
For singletons, '(1 a ) = 1 b , and we denote by ' s the automorphism of ([0; 1]; _;^; 0; 1) given by ' s (a) = b. Note that '(1 a ) = 1 ' s (a) and that (' s )
For constants, '(x) = y, and we denote by ' k the automorphism of ([0; 1]; _;^; 0; 1) given by
De nition 5 A function is a point function if its support has exactly one element. We let p a denote the point function whose value is p at a, and whose value is 0 otherwise.
It is easy to verify that the set of point functions is a subalgebra. This subalgebra is denoted P
Thus an automorphism will be determined by what it does to points. This will have many corollaries, in particular that every ' 2 Aut (M) is of the form L R . The basic fact that we need is that for any f 2 M, any point p a , and any automorphism
This requires a number of preliminary results, some of interest in their own right.
Proof. Note that
As immediate corollaries, we have
Corollary 7
The set P of point functions is a characteristic subalgebra of M.
For a point p a , we call p its height. Theorem 6 speci es the support of the image of a point function. We have the following re nement.
Proof. '(p a ) is a point function at ' s (a). We need its height to be ' k (p). Now p = (p a ) RL , so
RL
Therefore the point function '(p a ) has height ' k (p). For all we know at this point, P may have automorphisms not induced by those of M. However, Corollary 10 Every automorphism of P induced by an automorphism of M is of the form L R .
The issue of whether or not P has automorphisms not induced by automorphisms of M will be addressed in a subsequent paper. 
Proof.
with g ' (1 a ). Therefore g is a point function at ' s (a), so g = '(q a ) for some q.
With analogous proofs, we get
and thus
The second statement follows by duality (replace 1 0 by 1 1 and L by R throughout).
Lemma 18 Let g be a nite set. Then
Proof. Let a sup (S g ). Then
Thus if g is a nite set, then taking a = sup (S g ) and f to be the function g with 1 a removed, we have
by induction on the number of elements in the support of f . The lemma follows.
Theorem 19
Let f be a function with nite support and with constant height p|that is, for
Proof. Let g be the set with the same support as f .
Proof. Let a < b.
Therefore, using the previous lemmas,
, being a point function. Hence q p.
Proof. Noting that (1 0 _ p a ) L is the constant function 1 and 1 0^f
Using the previous lemma, we get.
Now consider the automorphism '
Corollary 25 If S f is nite and ' 2 Aut (M ), then
Proof. For any function f with at least two points in its support, it is possible to remove a point p a from f , getting g with either p a g L or p a g R . Apply the previous lemma to get '(f ) = ' (p a _ g) = ' (p a ) _ ' (g), and use induction on the number of elements in the support.
Theorem 26
The set of elements with nite support is a characteristic subalgebra of M.
That is, the function ' (f ) is completely determined by the values of the images of point functions f (a) a of f .
Proof. We have shown that
In either case, f = p a _ g with g (a) = 0, and by Lemma 22, ' (f ) = ' (p a ) _ ' (g). Also, ' (g) (' s (a)) = 0 by Lemma 24. But this says that ' (f ) (' s (a)) = ' (p a ) (' s (a)), contradicting our assumption.
Thus it must be the case that p a is the unique maximal point of f . Then
This, in any case, ' (f (a) a ) (' s (a)) = ' (f ) (' s (a)), which completes the proof.
Letting I = ([0; 1]; _;^; 0; 1), we have
s is an isomorphism of groups.
Corollary 30 The subgroups f L : ' 2 Aut(I) and f R : 2 Aut(I)g are normal subgroups of Aut(M), and Aut(M) is the direct product of these two subgroups. In particular, the intersection of these two subgroups is the identity automorphism.
In this regard, see Preposition 48 in [22] . The subalgebras in the following corollary were proved characteristic in [22] , but are immediate consequences of Theorem 27.
Corollary 31
The subalgebras S; D; N; C; L, and F are characteristic subalgebras of M.
In [22] , we were not able to show that the subalgebra E of sets was characteristic. But that is also immediate from Theorem 27.
Corollary 32
The subalgebra E of sets is a characteristic subalgebra of M.
Let G be those elements of M whose support is a closed subset of [0; 1]. Then it is easy to verify that G is a subalgebra of M, and from Theorem 27 we see that it is characteristic. One subalgebra of G is the set of those functions with nite support, and it too is characteristic by Theorem 27.
We remark that essentially the same results hold if M is endowed with the negation *. The situation is this. Let be an automorphism of I = ([0; 1]; _;^; 0; 1), and an automorphism of I with perhaps additional operations, for example with a negation 0 . Let M be [0; 1]
[0;1] with operations convolutions of the operations on I with respect to _ and^. Then L R is an automorphism of M, and the same development gets Theorem 27. In this setup, if A is a subalgebra, then it is characteristic if it is characteristic without the additional operations. For example, N is still a subalgebra with the additional operation of *, so it is a characteristic subalgebra of M with the additional operation *. Additional pertinent operations on I are t-norms and t-conorms, as well as various negations besides x ! 1 x.
Automorphisms of subalgebras of M
The subalgebras of M that we have considered have been characteristic|every automorphism of M induces an automorphism of that characteristic subalgebra. But a characteristic subalgebra may have automorphisms not induced by those of M. For example, it is not immediately obvious that the characteristic subalgebra P of point functions does not have such automorphisms. In fact, the only (non-trivial) subalgebras we considered that were known to have no additional automorphisms are the subalgebra S of singletons and the subalgebra D of closed intervals [4] . The automorphisms of S are all of the form R , as well as are the automorphisms of D. The algebra of constant functions is not technically a subalgebra, not containing the identity elements of M. It is an algebra in its own right, however, and its automorphisms are also all induced by those of M, namely the automorphisms L .
Some subalgebras of M besides S and D are of potential interest for applications, as well as of theoretical interest. These include the subalgebras P, L, and E. The algebra L with * is a De Morgan algebra, in particular a bounded distributive lattice, so is a particularly nice subalgebra of fuzzy truth values. The algebra P may be considered as pairs of elements of [0; 1] with particularly simple operations, avoiding the technicalities of convolutions. It is a good candidate for applications, and we will elaborate on this in a subsequent publication devoted to the algebra P. Of course, it is well known [4, 21] that the operations on D are pointwise on the endpoints of its elements, again avoiding the complications of convolutions. In any case, we will investigate the automorphisms of subalgebras of M in subsequent publications, paying particular attention to those of possible interest both theoretically and practically.
